Introduction {#Sec1}
============

While it is easy to find in the literature an ordinary differential equation characterising a spherical curve in terms of its curvature, torsion and their derivatives \[[@CR2], [@CR5]\], an analogous condition for a curve to belong to a cylinder of revolution seems to remain elusive in its explicit form, i.e., as a single equation involving only curvature, torsion and their derivatives. This is perhaps surprising given the simple nature of the surface. It was shown in \[[@CR2]\] that a necessary condition may be formulated as a vanishing resultant of two auxiliary polynomials of the sixth and eighth degree with their coefficients depending on the curvature, torsion, their first derivatives and the second derivative of the curvature. Technically, the condition may be written out explicitly as a single polynomial of degree $\documentclass[12pt]{minimal}
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                \begin{document}$$8^{8+6}$$\end{document}$, but, clearly, doing this makes little sense. An earlier attempt to characterise cylindrical curves resulted in a system of two equations with an extra angular variable \[[@CR3]\]. Here we present several alternative necessary and sufficient conditions for a curve to lie on a cylinder. We also allow for a slightly wider class of curves (that may contain straight pieces). A particularly elegant criterion is obtained in terms of the geometric properties of the curve as it lies in the surface, i.e., the geodesic torsion and geodesic and normal curvatures (Proposition [1](#FPar1){ref-type="sec"}). Some of the alternative criteria given here may be more convenient than existing criteria in certain applications (e.g, in computer vision). Our strategy is to regard a curve on a cylinder as a special case of two constant-separation curves, the second curve being the axis of the cylinder.

Constant-separation curves and moving frames {#Sec2}
============================================
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                \begin{document}$${{\mathbf {t}}}(s)={{\mathbf {r}}}'(s)$$\end{document}$ the unit tangent vector. Here and in the following a prime denotes differentiation with respect to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s$$\end{document}$.

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathbf {d}}}(s)$$\end{document}$ be a unit normal vector of differentiability class $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathbf {t}}}_a(s)= \frac{{{\mathbf {a}}}'(s)}{|{{\mathbf {a}}}'(s)|}$$\end{document}$. It is defined for $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathbf {t}}}_a(s) \cdot {{\mathbf {d}}}(s) \equiv 0$$\end{document}$. We say that $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathbf {a}}}$$\end{document}$ are constant-separation curves.

We define the following moving frames (all our frames are right-handed). First, for curves having nonvanishing curvature $\documentclass[12pt]{minimal}
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                \begin{document}$$\{ {{\mathbf {t}}}(s), {{\mathbf {n}}}(s), {{\mathbf {b}}}(s) \}$$\end{document}$ be the Frenet frame for the original curve, where $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathbf {n}}}(s)={{\mathbf {t}}}'(s)/\varkappa (s)$$\end{document}$ is the principal normal and $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathbf {b}}}(s)={{\mathbf {t}}}(s) \times {{\mathbf {n}}}(s)$$\end{document}$ the binormal. Next, we construct the unit vector $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathbf {u}}}(s)={{\mathbf {t}}}(s) \times {{\mathbf {d}}}(s)$$\end{document}$ to define the moving (or Darboux) frame $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$${{\mathbf {v}}}(s) = {{\mathbf {t}}}_a(s) \times {{\mathbf {d}}}(s)$$\end{document}$.

After choosing a coordinate system we may identify the orientations of the above three frames with elements of the group of orthogonal $\documentclass[12pt]{minimal}
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Thus we have defined three rotation vectors , where is the rotation vector of the frame is the rotation vector of the frame $\documentclass[12pt]{minimal}
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The orthonormal frames form a sequence under consecutive rotations about $\documentclass[12pt]{minimal}
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Cylindrical curves {#Sec3}
==================

Criterion for a curve to be cylindrical {#Sec4}
---------------------------------------
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Sufficient conditions for a curve to be cylindrical {#Sec5}
---------------------------------------------------

### **Proposition 2** {#FPar4}
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### *Proof* {#FPar5}

For nonvanishing curvature, the Frenet frame $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{ {{\mathbf {t}}}(s), {{\mathbf {n}}}(s), {{\mathbf {b}}}(s) \}$$\end{document}$ is well defined. Define another moving frame $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{ {{\mathbf {t}}}(s), {{\mathbf {d}}}(s), {{\mathbf {u}}}(s) \}$$\end{document}$ that is obtained from the Frenet frame by rotation about the tangent through the angle $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi (s)$$\end{document}$ as defined in Sect. [2](#Sec2){ref-type="sec"}. Note that since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathbf {n}}}(s)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi (s)$$\end{document}$ are both $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C^2$$\end{document}$, the vector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathbf {d}}}(s)$$\end{document}$ is also $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C^2$$\end{document}$, as required. Then by Eqs. ([5](#Equ5){ref-type=""})--([7](#Equ7){ref-type=""}) this frame has Darboux vector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\omega _1,\omega _2,\omega _3)=(\tau +\xi ',\varkappa \sin \xi ,\varkappa \cos \xi )$$\end{document}$. Substitution into Eqs. ([17](#Equ17){ref-type=""})--([18](#Equ18){ref-type=""}) gives Eqs. ([13](#Equ13){ref-type=""})--([14](#Equ14){ref-type=""}) and the claim follows from Proposition [1](#FPar1){ref-type="sec"}(i).

### *Remark 2* {#FPar6}

We can eliminate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi '$$\end{document}$ from Eqs. ([17](#Equ17){ref-type=""})--([18](#Equ18){ref-type=""}) and obtain an equation of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F(\varkappa ,\tau ,\varkappa ',\xi )=0$$\end{document}$. From this equation we can find (at least numerically) $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tan \xi $$\end{document}$ as a root of an eighth-degree polynomial with coefficients that are functions of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varkappa , \tau $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varkappa '$$\end{document}$. Formally differentiating this solution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tan \xi $$\end{document}$ and using one of Eqs. ([17](#Equ17){ref-type=""})--([18](#Equ18){ref-type=""}) we can then arrive at an equation of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G(\varkappa ,\tau ,\varkappa ',\tau ',\varkappa '')=0$$\end{document}$, with dependence on derivatives of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varkappa $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau $$\end{document}$ up to the same order as in \[[@CR2]\].
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### *Proof* {#FPar8}
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### *Remark 3* {#FPar9}

Unlike spherical curves, cylindrical curves can have vanishing curvature. A straight line belongs to a continuum of cylinders aligned with the line. The presence of a straight interval between curvilinear pieces can make these curvilinear pieces belong to different cylinders. The characterisation of cylindrical curves in terms of curvature and torsion stops working in this situation. That is why the requirement of nonvanishing curvature appears in the statement of Propositions [2](#FPar4){ref-type="sec"} and [3](#FPar7){ref-type="sec"}.

Necessary conditions for a curve to be cylindrical {#Sec6}
--------------------------------------------------

### **Proposition 4** {#FPar10}
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### *Proof* {#FPar13}
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### *Remark 4* {#FPar14}
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### *Remark 5* {#FPar15}

Equations ([34](#Equ34){ref-type=""})--([35](#Equ35){ref-type=""}) are essentially those in \[[@CR3]\] (after elimination of the second derivative).

A sufficient condition for a cylindrical curve to be closed {#Sec7}
===========================================================

In \[[@CR1]\] a necessary and sufficient condition was given for a planar curve of periodic curvature to be closed. Since a cylinder is a developable surface this result immediately gives a sufficient condition for a cylindrical curve to be closed provided we replace (signed) curvature by geodesic curvature:

**Proposition 6** {#FPar16}
-----------------
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Note that we cannot claim Eq. ([36](#Equ36){ref-type=""}) to be a necessary condition because of the possibility of closed curves that wrap around the cylinder over which we have no control \[indeed, a circular curve around the cylinder has $\documentclass[12pt]{minimal}
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Example {#Sec8}
=======
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